Abstract. We study the equilibrium problem for two-dimensional bodies made of a no-tension material under gravity, subjected to distributed or concentrated loads on their boundary. Admissible and equilibrated stress fields are interpreted as tensor-valued measures with distributional divergence represented by a vector-valued measure, as developed by the authors of the present paper. Such stress fields allow us to consider stress concentrations on surfaces and lines. Working in R n , we calculate the weak divergence of a stress field that is asymptotically of the form |x | −n+1 T 0 (x /|x |) for x → 0 on a region that is asymptotically a cone with vertex 0. Such stress fields arise as parts of our solutions for two-dimensional panels. Proceeding to problems in dimension two, we first determine an admissible equilibrated solution for a half-plane under gravity that underlies two subsequent solutions for rectangular panels. For the latter we give solutions for three types of loads.
we observe that these solutions can be used to determine lower bounds for the collapse load and sometimes the collapse load itself. The solution to this problem is considerably simplified by allowing for singularities of the stress field on one or more surfaces or curves of concentrated stress. This feature corresponds to infinite compressive strength of the material, a simplifying hypothesis that is frequently used in the study of masonry structures [6] . As in [7] , [8] , [9] , [10] , we use tensor-valued measures to describe the singular stress fields. We refer to [11] , [12] , [13] for solutions for two-dimensional panels in the absence of gravity and to [9] for some three-dimensional solutions.
In the present paper we consider two-dimensional rectangular panels under gravity and several types of loads. We first review the basic facts on stresses interpreted as measures in the general setting in R n and calculate the weak divergence and the normal trace of a stress field that is asymptotically of the form |x| −n+1 T 0 (x/|x|) on a region that is asymptotically a cone with vertex 0 as x → 0. Such stress fields arise as parts of our solutions for two-dimensional panels. Proceeding to dimension two, we first give a solution for a half-plane under gravity and prescribed distributed loads on its boundary. The latter underlies two solutions subsequently given for rectangular panels. The rectangular panels are subjected to three types of loads, and the solutions are glued from solutions on various subregions of the panel dictated by the load.
Divergence measure tensor fields.
Throughout the paper, Lin denotes the space of all linear transformations from R n into R n with the scalar product A · B = tr(AB T ), A, B ∈ Lin, and Sym is a subspace of Lin consisting of all symmetric transformations. We interpret Lin as the space of all second order tensors and use vector and tensor notation and conventions from [5] , [16] .
If Ω is an open subset of R n , we denote by C ∞ 0 (Ω, R n ) the set of all infinitely differentiable functions v : R n → R n whose support spt v is contained in Ω. Throughout the paper, we use Lin-valued measures on R n to describe fields of the stress tensor in a body and R n -valued measures on R n to describe body forces acting on the body or surface tractions acting on the boundary of the body. These measures are σ additive functions µ with values in Lin or in R n defined on the collection of all Borel subsets of R n . If A ⊂ R n is a Borel set, we say that µ is supported by A if µ(B) = 0 for each Borel set B ⊂ R n with A ∩ B = ∅; equivalently, we say that µ vanishes outside A. We denote by M(A, Lin) [or by M(A, R n )] the set of all Lin-valued [or R n -valued] measures on R n that vanish outside A. Thus our convention is that all measures are defined on the whole of R n , but we shall often work with measures supported by one or another subset of R n .
If Ω ⊂ R
n is open, we say that T ∈ M(Ω, Lin) is a divergence measure tensor field in Ω if there exists a measure div T ∈ M(Ω, R n ), called the divergence of T in Ω, such that
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Here ∂Ω denotes the topological boundary of Ω. Since the measures b and t are supported on the disjoint sets Ω and ∂Ω, respectively, they are uniquely determined (provided they exist). We call the pair (b, t) the load corresponding to T and the measure t the normal trace of T on ∂Ω; we use the notation N(T) := t for the normal trace. Equation (2.1) then reads
Clearly, any equilibrated tensor field T is a divergence measure tensor field and if (b, t) is the load, then div T = −b. We refer to [10] . We denote by δ 0 the scalar Dirac measure at 0. If µ is a measure in R n and B ⊂ R n a Borel set, we denote by µ B the restriction of µ to B, i.e., a measure on R n defined by
for any Borel subset A of R n . If f is a Borel µ integrable function, defined µ almost everywhere, we denote by f µ the product of f and µ, i.e., the measure defined by
and we use the symbol f µ B for the last two expressions.
If an equilibrated tensor field T ∈ M(Ω, Lin) is interpreted as the stress field in a continuous body under the action of a body force given by a prescribed measure b 0 ∈ M(Ω, R n ) and the boundary traction given by a prescribed measure t 0 ∈ M(∂Ω, R n ), then the equations of equilibrium read
In particular, if b 0 is absolutely continuous with respect to the Lebesgue measure (e.g., the gravity), i.e.,
where b 0 : Ω → R n is an L n integrable function, then div T must be absolutely continuous with respect to L n as well. More generally, assume that T consists of a regular part T r distributed over Ω and of a singular part T s concentrated on an (n − 1)-dimensional oriented surface S, i.e.,
Assume that S has a piecewise smooth boundary ∂S that is contained in the boundary ∂Ω of Ω, that the regular part T r is piecewise continuously differentiable with a jump discontinuity [T r ] on S and that the singular part T s is superficial and continuously differentiable in the interior of S. The requirement that T s be superficial means that T s (x)n(x) = 0 for any x ∈ S where n is the normal to S. Under the assumptions of [10, Section 3(ii)] then (2.3) with (2.4) reduces to
where div is the classical divergence operator and div S denotes the surface divergence. Moreover, if Ω is a region with Lipschitz boundary, then under the assumptions of [10, Section 3(ii)] we have
where m is the outer normal to ∂Ω and p is the outer normal to ∂S. A subset C of R n is said to be a cone with vertex at 0 if rv ∈ C for each r > 0 and v ∈ C. For each r > 0 let B(r) denote the open ball in R n of center 0 and radius r and letB(r) be the closure of B(r). We denote by cl Ω the closure of Ω ⊂ R n and let S n−1 be the unit sphere in R n . The following proposition will be employed to determine the divergences and traces of (parts of) the singular stress fields of Section 3 and of those in Examples 1 and 3 in Section 4. for some c and every x ∈ W \ {0}, and assume that there exists a cone C with vertex 0 and a bounded
is an equilibrated tensor field in Ω; moreover, if 0 ∈ Ω, then
This generalizes [10, Proposition 2.2] in which W = Ω ∩ C with C a cone and
where α is a scalar-valued function. In accordance with our conventions on measures, T is a measure on R n which vanishes outside W. In (2.12), d denotes the integration variable. The cone C and the function T 0 describe the asymptotics of the set W and the field T near the singular point 0 ∈ ∂W. Thus (2.7) says that the region W looks asymptotically like C near 0 while (2.8) says that T (x) is asymptotically equal to
as x → 0; indeed, it is possible to show that cl C equals the tangent cone to W at 0 [4, Subsection 3.1.21] and
It is easy to see that the hypotheses of the proposition guarantee that the individual terms in the right hand sides of (2.9), (2.10), (2.11), (2.13), (2.14) are well defined measures. 
to within a set of H n−1 measure 0; moreover, the measure theoretic normal l r to W r is given by
to within a change on a set of null H n−1 measure. 
(2.18)
We denote the three integrals on the right hand side of (2.18) by I 3 r , respectively. Considering the limits r → 0, we note that
where in (2.20) we use the decomposition ∂W = (∂W ∩ Ω) ∪ (∂W ∩ ∂Ω) and the equality n = m for H n−1 a.e. point of ∂W ∩ ∂Ω. Furthermore, the continuity of v at 0 implies
where
provided the limit in the right hand side exists. We write T 0 for T 0 (x/r) and make the following rearrangements of I 4 r :
We note that
for scaling reasons since C is a cone with vertex 0. Next note that since T 0 is bounded, say by c, we have by (2.7). Since |T (x)| ≤ c|x| −n+1 for every x ∈ W \ {0} and some c, a combination with (2.7) provides 
(∂W ∩ Ω), −cδ 0 are supported in Ω and the measure T mH n−1 (∂W ∩ ∂Ω) is supported on ∂Ω; comparing (2.24) with (2.2), we see that T is an equilibrated tensor field and, moreover, div T and N(T) are given by (2.10) and (2.11). If 0 ∈ ∂Ω, then the measure −cδ 0 is supported on ∂Ω and a comparison of (2.24) with (2.2) gives (2.13) and (2.14).
3. The half-plane. Let us consider a half-plane H with a horizontal boundary ∂H subjected to its own weight and to distributed normal and tangential loads p 0 and q, respectively, on ∂H, where p 0 is constant and q is a linear function of the horizontal coordinate of the point on ∂H; see Fig. 1 .
Suppose that the stress tensor S is negative semidefinite and that its determinant is zero,
The negative semidefiniteness is the basic property of no-tension materials; if the two eigenvalues of S are negative, the material behaves as a linear elastic material [1] while its behavior is trivial if the two eigenvalues vanish; thus in dimension two the main non-trivial case arises if one eigenvalue is negative and the other vanishes; this leads to det S = 0. We write We shall show that the problem admits a unique solution on the strip
for which S xy is of the separated form
where f, g are some functions on R and (0, y 0 ), respectively. We motivate (3.5) by the relative simplicity of the resulting solution, in particular by the simple form of the active isostatic curves of S to be determined below. Our original derivation of the solution was based on the characteristics of the system (3.3)-(3.4) and on a transformation of variables employed in [14] , which in particular suggested the crucial substitution (3.10) (below). A comparison of (3.5) with the boundary condition (3.4) 1 shows that S xy has the form
Inserting S xy into the balance equations, integrating, and comparing the result with the boundary condition (3.4) 2 , we obtain
7)
where G is the primitive function of g with G(y 0 ) = 0 and r some function of y. The determinantal condition (3.2) 3 reads
expanding the product and comparing the coefficients in front of x, we obtain
From the last equation we obtain r = 0 identically. Inserting r = 0 into (3.7) and using S xx ≤ 0, we see that g ≥ 0; since g(y 0 ) = q < 0, we deduce that g < 0 for y < y 0 . The differentiation of (3.8) with respect to y gives
Referring to the negativity of g, we now make the substitution
where η > 0. The relations
which integrates to
where c is a constant. Using (3.7) with r = 0, (3.6) 1 , and (3.2) 3 , we find that for every sufficiently small y ≥ 0 by (3.19). Furthermore,
for small w and hence
as y → 0 by (3.19) and (3.11) . Writing x = (x, y) and inserting this asymptotics into (3.12), we obtain
for every x ∈ R 2 \ {0} and M is a tensor-valued function such that for all x ∈ R and all sufficiently small y ≥ 0. We deduce from (3.25) that S yy is not integrable on Σ and hence S cannot be interpreted as a measure on Σ; in fact S yy is not even locally integrable on Σ. However, S can be integrable on subsets of Σ; in particular we shall see below that S is integrable on sectors of Σ delimited by active isostatic curves. By (3.1), one eigenvalue of S(x, y) vanishes while the other eigenvalue is nonpositive; from (3.12) one finds that the nonvanishing eigenvalue is
where η and η are evaluated at y; the eigenvector corresponding to this eigenvalue is found to be (proportional to)
The active isostatic curves κ are the integral curves of v, i.e., solutions of
An integration gives
where ξ ∈ R is an integration constant. From η(0) = 0 we see that each κ starts at the origin 0; putting y = y 0 and using (3.13) 1 , we see that κ intersects ∂H at the point (ξ/ √ −q , y 0 ) (see Fig. 1 ). Using (3.21) 1 , one finds that
as y → 0. Let ξ > 0 be fixed and put
which is the region delimited by the y axis, ∂H, and the isostatic curve κ of equation (3.26); in fact one has
Let T be the restriction of S to W. One finds that the normal component of T on ∂W vanishes on κ ∪ R while on L the normal component is equal to Se = t. Let us show that T is L 2 integrable on W. Writing x = (x, y), using (3.22) and (3.23), and noting that m(y)/y is bounded for all sufficiently small y ≥ 0 by (3.24), we obtain |T (x)| ≤ c 1 |x| 2 /y 3 for all x ∈ W and some c 1 . The integrability of T on W then follows from W |x| 2 /y 3 dL 2 (x) < ∞ which is verified by applying a successive integration with respect to x and y and using (3.20) 2 . Thus
2 be any open set with Lipschitz boundary such that
we now wish to determine the divergence div T of T in Ω and the normal trace N(T) of T on ∂Ω. In this section Ω is arbitrary (subject to (3.27)); in Section 4 we shall employ the results on div T and N(T) with concrete choices of Ω. Let us show that Ω, W, and T satisfy the hypotheses of Proposition 2.1. Putting
one finds that C ∩ Σ ⊂ W and
where we recall (3.20) 1 ; using η(y) − cy = o(y), one deduces that (2.7) is satisfied. Furthermore, putting 
recalling that m(r)/r → 0, we obtain (2.8), which completes the verification of the hypothesis of Proposition 2.1. Hence, putting
and using div S = −b in W, we deduce from (2.10) and (2.11) that
if 0 ∈ Ω while from (2.13) and (2.14) we deduce that
The constant c can be evaluated as follows. Since S 0 is divergence free and the normal component of S 0 on ∂C vanishes, the divergence theorem yields
where P is any line segment of the form P = C ∩ Q where Q is any horizontal line in Σ.
Taking, e.g., Q = ∂H, one obtains P = {(x, y 0 ) : 0 ≤ x ≤ ξcy 0 } and
for each x = (x, y 0 ) ∈ P ; an elementary integration in (3.29) gives
4. Rectangular panels. Consider a rectangular panel of base B and height H, free from loads on its sides and subjected, besides to its own weight, to various loads on its top.
4.1. Example 1. We start with the case for which the loads at the top are as in Fig.  2 , which coincide with a segment of those of Section 3 if one puts q = −q 0 /B. We place the origin of the coordinate system into the lower left corner of the panel. We shall construct the stress field by gluing part of the solution S determined in Section 3 with some simple solution corresponding to b = (0, −b). We recall the value y 0 from (3.17) and limit ourselves to the case y 0 = H, which corresponds to the situation when the horizontal load has the maximum value compatible with the equilibrium, given p 0 and b. By (3.17) and (3. 
The panel is divided into the regions Ω 1 and Ω 2 by the active isostatic curve ι of S which connects the origin 0 with the upper right corner of the panel. This requirement determines the parameter ξ in (3.26) by ξη(H) = B; putting H = y 0 and using (3.13) 1 , we obtain
Expressing the y coordinate of the point (x, y) ∈ ι as a function of x, i.e., introducinḡ
we find from (3.19) thatȳ
The regions Ω 1 , Ω 2 are given by letting e = (0, 1), we put by (3.30), (4.3) and (3.14), and 
making the substitution t = b/2 x/ξ, noting that this substitution transforms the upper limit of the last integral to µ = −b/2q , using
and employing (4.2), (3.14), and (4.3), we find
Then it is an easy matter to verify that the region Ω 1 , when subjected to its weight and the loads applied to the top of the panel, is in equilibrium with respect to the rotation about the point 0. (Fig. 3) . For reasons that will become apparent in Example 3, we place the origin of the coordinate system at that corner, with the positive x axis in the right direction and the positive y axis pointing upwards.
Suppose that the stress field is described by a tensor-valued measure T of the form
where Ω denotes the interior of the panel, γ is a curve of equation and singular parts of the stress. In a way similar to [10] we assume that 11) and observe that T r satisfies (2.5) in Ω \ γ. The singular stress T s must be superficial; this gives
where t is the unit tangent vector to γ and necessarily σ ≤ 0 since T s must be negative semidefinite. We determine γ and σ from (2.6) as follows. Writing
where the prime denotes the differentiation with respect to x, we have [10] cf. (4.6) and (4.7), assume that γ is given by (4.14) with f = c, and define the solution T of the form (4.9) as follows. Put 
